. By computing the regularity of homogeneous semigroup rings from the decomposition we have confirmed the Eisenbud-Goto conjecture in a range of new cases not tractable by standard methods. Here we first illustrate this technique and its implementation in our Macaulay2 package MonomialAlgebras by computing the decomposition and the regularity step by step for an explicit example. We then focus on ring-theoretic properties of simplicial semigroup rings. From the characterizations given in [1] we develop and prove explicit algorithms testing properties like Buchsbaum, Cohen-Macaulay, Gorenstein, normal, and seminormal, all of which imply the Eisenbud-Goto conjecture. All algorithms are implemented in our Macaulay2 package.
Introduction
Let B be a positive affine semigroup, that is, B is a finitely generated subsemigroup of N m for some m. Let K be a field and K[B] the affine semigroup ring associated to B, which can be identified with the subring of K[t 1 , . . . , t m ] generated by monomials t u := t is a finitely generated K[A]-module. From this it follows that G is finite, and we can compute the above decomposition since all summands are finitely generated. Moreover, there are shifts h g ∈ G(B) such that Our original motivation for developing this decomposition was to provide a fast algorithm to compute the Castelnuovo-Mumford regularity reg K[B] of a homogeneous semigroup ring in order to test the Eisenbud-Goto conjecture [3] . Recall that the Castelnuovo-Mumford regularity reg M of a finitely generated graded module M over a standard graded polynomial ring R = K[x 1 , . . . , x n ] is defined as the smallest integer m such that every j-th syzygy module of M is generated by elements of degree ≤ m + j. Moreover, B is called a homogeneous semigroup if there exists a group homomorphism deg : G(B) → Z with deg b i = 1 for i = 1, . . . , n, where Hilb(B) = {b 1 , . . . , b n } is the minimal generating set of B; by reg K[B] we mean its regularity with respect to the R-module structure which is given by the K-algebra homomorphism
The toric Eisenbud-Goto conjecture can be formulated as follows: let K be a field and B a homogeneous semigroup, then reg is usually computed from a minimal graded free resolution. If n is large this computation is very expensive, and hence it is impossible to test the conjecture systematically in high codimension using this method. However, choosing A to be generated by minimal generators e 1 , . . . , e d of C(B) of degree 1 the regularity can be computed as
where reg I g denotes the regularity of I g with respect to the canonical
Since the free resolution of every ideal I g appearing has length at most d − 1, this computation is typically much faster than the traditional approaches. This enabled us to test the conjecture for a large class of homogeneous semigroup rings by using our regularity algorithm. See [1, Section 4] for details.
In Section 2, we illustrate, step by step, decomposition and regularity computation for an explicit example using our Macaulay2 [4] package MonomialAlgebras [2] . We say that K[B] is a simplicial semigroup ring if the cone C(B) is simplicial. In Section 3, we focus on simplicial semigroup rings K [B] . Based on the characterizations of ring-theoretic properties given in [1, Proposition 3.1] we develop explicit algorithms for testing whether K[B] is Buchsbaum, CohenMacaulay, Gorenstein, seminormal, or normal. We also discuss that, by known results, all these ring-theoretic properties imply the Eisenbud-Goto conjecture. The algorithms mentioned are implemented in our Macaulay2 package.
Decomposition and regularity
Our Macaulay2 package can be loaded by Macaulay2, version 1.4 with packages: ConwayPolynomials, Elimination, IntegralClosure, LLLBases, PrimaryDecomposition, ReesAlgebra, TangentCone i1 : needsPackage "MonomialAlgebras"; We discuss the decomposition at the example of the homogeneous semigroup B ⊂ N 3 specified by a list of generators i2 : B = {{4,0,0},{2,2,0},{2,0,2},{0,2,2},{0,3,1},{3,1,0},{1,1,2}}; As an input for our algorithm we encode this data in a multigraded polynomial ring i3 : K = ZZ/101; i4 :
where A ⊆ B is generated by minimal generators of C(B) with minimal coordinate sum; so in the example A = (4, 0, 0), (2, 2, 0), (2, 0, 2), (0, 2, 2), (0, 3, 1) . The keys of the hash table represent the elements of G and the values are the tuples (I g , h g ), hence 
Algorithms for ring theoretic properties
In this section we focus on simplicial semigroup rings K [B] . Based on the characterizations given in [1, Proposition 3.1] we develop and prove explicit algorithms for testing whether K[B] is Buchsbaum, Cohen-Macaulay, Gorenstein, seminormal, or normal. Note that, in the simplicial case, all these properties are independent of K, and they imply the Eisenbud-Goto conjecture by results of [7, 8, 6] . As an example, consider the following homogeneous simplicial semigroup B ⊂ N 3 specified by the generators 
with respect to the standard grading induced by deg u = (
is also not normal by [5] . We can test seminormality via the following algorithm:
is seminormal, false otherwise. Solve the linear system of equations
Here, by − ∞ we denote the maximum norm. Note that all λ i are non-negative since C(B) is a simplicial cone. Verifying in Step 5 the condition λ ∞ ≥ 1 instead results in an algorithm which tests normality. Using our package we observe that K[B] is not seminormal:
i21 : isSeminormalMA B o21 : false
The Buchsbaum property can be tested by the following algorithm. We denote by
Algorithm 2 Buchsbaum test
Input:
is Buchsbaum, false otherwise. 1: Let e 1 , . . . , e d ∈ B be minimal generators of C(B) with minimal coordinate sum, and set A := e 1 , . . . , e d . 2: Using the (minimal) generators e 1 , . . . , e d of A decompose
Step 3 is correct and we may now assume that Since m i , m j ∈ g for some g ∈ G, we also have x, y ∈ g. Since e 1 , . . . , e d are linearly independent, we have λ y j − λ x j ≥ 2. Moreover, since t y−hg , t x−hg ∈ K[A] we get that t y−hg is not a linear form. Hence
Note that in Step 2 the shifts h g and hence the ideals I g are uniquely determined since e 1 , . . . , e d are linearly independent. This is not true for arbitrary generating sets. By i22 : isBuchsbaumMA B o22 : true we conclude that K[B] satisfies the Eisenbud-Goto conjecture by [7] . Note that we can read off from the decomposition the regularity and the Eisenbud- Note that, in case B is Buchsbaum, the regularity of K[B] is independent of the field K since all ideals in the decomposition are equal to the homogeneous maximal ideal or to K[A].
We finish this section by providing an algorithm for testing the Gorenstein property. if h − h g / ∈ H then return false
10:
H := H\ {h g , h − h g } 11: return true Proof. By [1, Proposition 3.1] the ring K[B] is Gorenstein iff I g = K[A] for all g ∈ G and H has a unique maximal element with respect to ≤ given by x ≤ y if there is a z ∈ B such that x + z = y. Note that H = B A since I g = K[A] for all g ∈ G. If there is a maximal element h ∈ H, then this element has maximal coordinate sum. If H has more than one element with maximal coordinate sum, then H does not have a unique maximal element. To complete the proof we need to show that an element h g ∈ H satisfies h g ≤ h iff h − h g ∈ H. But this follows from the fact that if x / ∈ B A then x + y / ∈ B A for all x, y ∈ B.
Note that performing Steps 1-3 of Algorithm 3 (and returning true afterwards) gives a test for the Cohen-Macaulay property.
